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Recall the Contraction Mapping Principle :

Th m Let IX. d) be a  complete  metric  space ,
T : X → X be a  contraction

Then there exists  a  unique  fixed point y of T such that

for  
any

Xo E X
,

the
sequence ( Xn ) I Tn Xo ) converges  to

y .



Q2
) I HW ? Q 10 )

Fix d E I 0,1 )
,

for  each xoc-L-o.IT ,
consider the iteration

Xn :  = dxn - ill -

Xn - i )
,

h C- IN

la ) Show that ( Xn ) ETO ,

I ]

(b) Show  that linmxn  
= O

Sol : Ca ) Define T :[ 0,1 ] → IR by Tx := 2x It - x )

Then T is smooth with Ttx ) = all - 2x ) : T "lxs= - 2h

.

.

.

T achieve  maximum  at I  with TH ) = ¥51

Clearly ,
Txzo

,
V-xc.to

,
z ]

,

.

'

. THO .
D) E TO .LI

In particular ,

tf  n
, Xn  

=  Th Xo E  IO ,
I ] as  Xo  E

 E 0,1 ]

(b) Note  that Tco ) -

- O
,

hence O is  a  fixed point of T
.

Also ,  take 8 = Yeaton
,

#x ) )=L C I
,

then Vx
,

x' E To
.

I ]

I

I Tx - Tx 't f Y. Ix - x 't
,

.

'

. T :[ 0,13 →  to
, it is  a  contraction

.

Therefore
,

linmxn -_linmFxo = O by the theorem
.
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Q2
) I Hm

, Q9 ) ( Newton 's  method )

Let f : IR → IR be C ? y EIR such thatfly ) = O 'sfly ) # O .

Show  that there  exists P > O s . T . tf
-

Xo E Bply { x  EIRIK -

ykp
)

the iterated sequence Xn :=  Xm ,

- F¥
,

NEIN converges  toy .

A

Picture :

 "

i
.

do
,  -51  Xo )

Sol : As Fly ) FO
,

there exists 8 > O at .
Fix'  't O

,the Bgly )

Define T : Bsl 'll → IR by Tx x - ETH,

then T is differentiable w/ derivative

TEX ) =/ -

64×15 - fast "lx ,

My
=

TAJ f
"

Cx ,

*
'

Cx , )
'

is continuous

Hence
,

T is C
'

with Ty -
-

y , T
'

ly )=O

By continuity of T
'

at y ,
there exists Esp >  o sit .

IT
'

Is 2
,

V  x  E Bap ly )
.



Then we  claim that T : Bp ly)
→ IR is  a  contraction :

Choose 8 !  = If,az÷,
IT 'M C I

, then Vx
,

x
'

E BETH .

I Tx - Tx 't = IT
'

(9) I Ix - x
'

I
,

⇒ 's between  x
,

x
'

, by Mean Value Theorem

E 8 . Ix - x' I

In particular .
take X' =  

y ,

then

I Tx -

y I = IT x
- Tyler Ix -

y I s I . p =p
,

V-xc-B.TN
.

'

.
T I BY ) E Beep ,

and T :

Bjp
→

Btys
is a  contraction

Since

BW
is complete and y is a  fixed point of T

,

by uniqueness part of the theorem
,

V  Xo E Btys ,

Xn Xn - i

- If,Y¥ ,

= Txn ,

=  Txu - a  = . . .  =  Tn Xo  converges  to y .
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Q 3) CHW ? Qtl )

Let f :[ on ] → To ,
I ] be a  continuous  function

.

Show that 5 has  a  fixed point .

^

Picture "
I .

a.  * um
.

"

to ,
.xITu ,

a- )

I

Pf : If 5101=0 or TCH =L
,

then result follows .

Otherwise
,

assume -510150 and 511141
.

Define g :[ 0,13 → IR
. by gcx ) =  Thx ) - x

then 910 ) > O and guk O
.

As g is  continuous
, by Intermediate Value Theorem

,

there exists { E ( Oil ) s . t .

gcsf-O.ie
. fl 's )= 's

Therefore
,

f has  a  fixed point .

- He


